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Using the Pais-Uhlenbeck Oscillator as a toy model, we outline a consistent alternative to the 
indefinite-metric quantization scheme that does not violate unitarity. We describe the basic math- 
ematical structure of this method by giving an explicit construction of the Hilbert space of state 
vectors and the corresponding creation and annihilation operators. The latter satisfy the usual 
bosonic commutation relation and differ from those of the indefinite-metric theories by a sign in the 
definition of the creation operator. This change of sign achieves a definitization of the indefinite- 
metric that gives life to the ghost states without changing their contribution to the energy spectrum. 
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1. Introduction: The recent renewal of interest in 
higher derivative theories of gravity [1| has provided in- 
centive for reconsidering the old problem of quantizing 
the classical Pais-Uhlenbeck (PU) Oscillator [2]. Re- 
cently the authors of 3] have proposed a quantization 
scheme involving non-Hermitian T^T-symmetric Haniil- 
tonians |^-|6| that yields a stable and unitary quantum 
system for the non-degenerate forth-order PU oscillator. 
A critical assessment and an alternative quantization of 
the PU oscillator are given in [3, |3| ■ In the present paper 
we explore the quantum analog of the imaginary scaling 
trick of [3] and use its mathematical properties to develop 
a consistent ghost-free alternative to the indefinite-metric 
quantization of the PU oscillator. Our method enjoys 
general applicability and does not involve complex clas- 
sical quantities or non-Hermitian Hamiltonian operators. 
The forth-order classical PU oscillator is the dynamical 
system defined by the equation of motion: 



zW+a^(2) 



/?z = 0. 



(1) 



where z^^i denotes the fc-th derivative of the real dynam- 
ical variable z, a := ojj -I- ljI, /? := ojJojI, and uji and 
UJ2 are positive real numbers. The solution of ([I} is a 
linear combination of e^'"^' and te^*"^* for the degen- 
erate case where wi — ijJ2, and e**'^i* and e^*'^^* for the 
non-degenerate case where uji ^ L02. 

Eq. IT]) may be obtained from either the higher- 
derivative Lagrangian: L = hi'z^ — a z"^ + (3 z) or the 
Lagrangian: L = ^ (i^ — ax"^ + /3z^) -I- A(i — x) that 
involves a pair of real dynamical variables x and z and a 
Lagrange multiplier A. The latter enforces the constraint 
X = z that gives rise to ([T]). Applying Dirac's Hamilto- 
nian formulation of the constrained systems to the latter 
Lagrangian, one finds the quadratic Hamiltonian [9|, [lOj : 



h4« 



2xp^ 



Pz' 



(2) 



that can be decoupled via a linear canonical transfor- 
mations. A particular example is the transformation 



{x,p^,z,p^) -> {xi,pi,X2,P2) defined by 



Xi 



Pi 



Pz + LO{X 



/ 2 2 ' 

UJiy'UJi — UJ2 



X2 ■■ = 



P2 



2 ' 



^ 



Pz + 1^22^ 



N^f 



(3) 
(4) 



where we have taken wi > uj2 without loss of generality 
[lO| . This canonical transformation maps ([2]) to 



H 



^{pl+ojlxl)--ipl+ulxl). (5) 



The standard canonical quantization of ([S]), 
(xi,pi,X2,P2) -)■ {xi,pi,X2,P2), with 



{Xj1p){xi,X2) 
{pj1p){xi,X2) 



X-j'lp{xi,X2), 
~^^MXUX2), 



yields the Hermitian Hamiltonian operator, 
H=-{pI+ ojIxD-- (pI + ujIxD 



(6) 



(7) 



with eigenvalues: a;i(ni + ^) ^ W2(n2 + 5)- Here -0 is an 
square-integrable function, ni,n2 = 0, 1, 2,---, and we 
have used units in which h = 1. Because the spectrum of 
H is unbounded both from below and above, the corre- 
sponding quantum system is unstable jllf . One can avoid 
this problem by performing an indefinite-metric quanti- 
zation of the system, |12h14| . This yields a stable quan- 
tum theory which is, however, plagued with the presence 
of ghost states and the associated lack of unitarity. The 
same problem arises in the indefinite-metric quantization 
of higher-derivative theories of gravity [15| . 

In Ref. [3|, the authors propose an alternative quanti- 
zation of the classical Hamiltonian ^ that solves both 
the instability and non-unitarity problems associated 
with the standard definite- and indefinite-metric quan- 
tizations of the PU oscillator. In the following we first 



review the quantization scheme developed in Q and 
show that it reahy amounts to the imaginary scahng, 
X2 — > — JX2 and p2 — )■ ip2, that clearly maps ([5]) into 
the standard classical Hamiltonian for a pair of decou- 
pled simple harmonic oscillators. The latter can be easily 
quantized to yield a stable and unitary quantum system 
via the standard canonical quantization scheme. But it 
conflicts with the correspondence principle, as the clas- 
sical limit of the resulting quantum theorydoes not co- 
incide with the classical PU oscillator [j, Hj . This may 
be traced back to the fact that this quantization scheme 
involves mapping imaginary classical quantities to Her- 
mitian operators. We show that these difficulties may be 
avoided, if we employ the quantum analog of the above 
imaginary scaling transformation. We explore the un- 
usual properties of the quantum imaginary scaling trans- 
formation and use them to develop a general quantiza- 
tion scheme. This turns out to be a definitization of the 
indefinite-metric quantization that is related to the lat- 
ter via a change of sign in the expression for the creation 
operator of the theory. 

2. Imaginary-Scaling Quantization: The main point 
of departure of the approach of Ref. 3] is the imaginary 
scaling of dynamical variable z of the Hamiltonian ([2|, 
namely z ^ y := —iz and pz — > Py := ipz- This is a 
complex canonical transformation that maps ([2]) into a 
complex classical Hamiltonian whose standard canonical 
quantization, namely {x,px,y,Py) -^ {x,px,y,Py) with 

{xip){x, y) = xip{x, y), {px-ip){x, y) = -i-^ipix, y), 
{yip){x, y) = yip{x, y), {pyi>){x, y) = -i-§^^{x, y), 

yields the non-Hermitian T^T-symmetric Hamiltonian 3] : 



H^ 



{pI - 2ixpy 



ax 



-Pf 



(9) 



It turns out that, for wi 7^ a;2, there is a similarity trans- 
formation [3, [lg| that maps this operator to the sum of 
two simple harmonic oscillator Hamiltonians, h. This 
shows that the spectrum of H^^ is real and positive. 
Moreover, it implies the existence of a nonstandard inner 
product and the associated Hilbert space ^ that restore 
the Hermiticity of H^^ , |5), |6|] . The quantum system |6;] 
defined by either of the unitary-equivalent Hilbert space- 
Hamiltonian pairs {J^,H^^) and (L^(IR^),/i) is, there- 
fore, both unitary and stable. The main difficulty with 
this scheme is that it yields a quantum theory that does 
not have the classical PU oscillator as its classical limit 
3 • We will refer to this problem as the lack of a proper 
correspondence principle |17| . 

Next, we recall that the similarity transformations 
mapping H^^ to h correspond to (complex) linear canon- 
ical transformations. Because these commute with the 
canonical quantization of the underlying classical Hamil- 
tonian, one may perform the necessary linear canonical 
transformations in the classical level and then quantize 
the system. This is particularly desirable, because it 



avoids dealing with the non-Hermitian Hamiltonian op- 
erator ([9]) and gives the same Hermitian Hamiltonian 
operator h. Following this approach we first apply the 
real linear canonical transformation ©-([I]) on the classi- 
cal Hamiltonian ([2|) to obtain ([5|). We then perform the 
imaginary scaling transformation: 



ix2,P2) -^ {-iX2,iP2) -■ {X2,P2), 



(10) 



that flips the unwanted sign in ([S]). Finally we quantize 
the resulting classical Hamiltonian to obtain; 



u * ( -2 I 2-2,-2, 2-2 



(11) 



Clearly, this defines a unitary and stable quantum sys- 
tem. The procedure outlined in [3] can therefore be 
reduced to a simple imaginary scaling transformation. 
Note however that this simplification of the analysis of 
[3] does not provide a resolution of the difficulty related 
with the lack of a proper correspondence principle. An al- 
ternative root that avoids this difficulty is to perform the 
imaginary-scaling transformation on the quantum Hamil- 
tonian operator ([7]). This is affected by a linear operator 
with rather peculiar properties. 

Let '^°° denote the vector space of smooth complex- 
valued functions defined on the real line and x,phe the 
standard position and momentum operators acting in 
'^°°; for aU / e '^°°, 

ixf){x) := xf{x), {pf){x) := -zf'{x). (12) 

Consider the operator A : "if °° — > '^^°° that is defined by 

A:=exp(J{x,p}). (13) 

It is not difficult to show that [l3 



{Af){x) = f{-ix). 



(14) 



We can view A as a linear operator acting in the Hilbert 
space of square-integrable functions i^(R). This is a 
densely-defined unbounded one-to-one linear operator 
A : L'^{R) -^ L'^{R) with a dense range [H that real- 
izes the quantum imaginary scaling transformation: 



. A ~ ^ -I 

X — > X := Ax A^ = —ix. 



P 



p := Ap A ^ = ip. 



(15) 



Expression (IT^ suggests that A is a Hermitian opera- 
tor acting in i^(]R). This is however not true. One way 
of seeing this is to notice that if A was a Hermitian op- 
erator, its square A'^, that is also densely defined, would 
have been a positive operator ^]. This contradicts the 
fact that g{x) :— xe~^ is an eigenfunction of A^ with 
eigenvalue —1, [21j. Therefore, A is not Hermitian. 

Another unusual but obvious property of A is that the 
harmonic oscillator eigenfunctions do not belong to its 
domain, unless we consider it as mapping L'^{M.) into an- 
other function space. Let ipn{x) := iV„_ff„(a;)e~^ /^ be 



the normalized eigenfunctions of the simple harmonic os- 
cillator Hamiltonian H :— ^{p^ + i^), with N^ and i/„ 
being the normalization constants and Hermit polynomi- 
als, respectively. Clearly, tpn & '^'^ and 

^n{x) := (AV'n)(x) = A^„iJ„(-^a:)e"'/2 ^ L'^i^). (16) 

This observation suggests the definition of an appropriate 
Hilbert space M' containing -i/jn and viewing A as a linear 
operator mapping L^(M) to Jf . In order to construct Jf , 
we endow the linear span ,5^ of ?A„ with the inner product: 



((0,Vi)):=(A-i^|A-V^) 



(l){ix)*ip{ix)dx, (17) 



and identify Jif with the Cauchy completion of the re- 
sulting inner-product space [221 123| . 

By construction, for all (/>, V' G L^ (R) satisfying 
A(/),yl^ e Jf", we have {<p\ip) = (( A(/), AV')) . Therefore, 



A:L' 



.^ 



(18) 



is a densely-defined isometry [22|. In particular, it is 
a bounded operator with a bounded inverse whose do- 
main includes '(/'„. As we will see momentarily this is 
a necessary step in relating the above imaginary-scaling 
quantization of the PU oscillator to its indefinite-metric 
quantization. 

Now, consider the operator 



U 



-U 



1 



{V 



2 ' X^) 



(19) 



If we view "H as an operator acting in i^(M), it is a 
Hermitian operator with a negative spectrum given by 
{— n — i|n = 0, 1, 2, • • • }. A less obvious fact is that if 

we view 'H. as an operator acting in M' ^ it is again a Her- 
mitian operator but its spectrum is positive. We can see 
this by performing the imaginary scaling transformation 

on "H, namely 

ii^ A-^nA=\-{f^x^)=n. (20) 

The resulting operator, H, acts in L^(IR) and has a pos- 
itive spectrum, namely \n -I- i|n = 0, 1, 2, • • • }. Because 
A : i^(R) — > M" is a bounded operator with a bounded 
inverse and domain of A contains the eigenfunctions V'n of 
U, the operators H : JT -^ Jf' and ?i : ^^(r) ^ i^-i-l^^ 

are isospectral. This shows that the spectrum of Ti. is 
also real and positive. It is easy to see that V'n are the 

eigenfunctions of H with eigenvalue n-V ^. 

Let us recall that a quantum system is described by 
a Hilbert space and a Hamiltonian operator. The for- 
mer determines the states (rays in the Hilbert space) and 
observables of the system (Hermitian operators acting 
in this Hilbert space), and the latter defines its dynam- 
ics. Two Hilbert space-Hamiltonian pairs {J^i,Hi) and 



(^^,7^2) represent the same physical system if they are 
unitary-equivalent |6|. This means that there is a uni- 
tary (inner-product preserving) operator U : Jffi — > J^ 
such that "^2 — U'HiU~^. It is easy to see that the 

pairs (L^(M),'H) and {J^,H) are not unitary-equivalent. 
Therefore they represent different quantum systems. We 
can obtain these by performing different quantizations 
of the same classical system, namely the one associated 
with the wrong-sign harmonic oscillator Hamiltonian: 



n 



1 



-y+^')- 



(21) 



We obtain the quantum system described by (L^(]R), H), 
if we perform the standard canonical quantization of (j21l) , 
namely x ^> x and p — >■ j5, where x and p act in L^(R) 
and have the form (1121) . We obtain the quantum system 

described by (i^, "H) , if we perform the imaginary-scaling 
quantization of (piT) : 



P-^P, 



(22) 



where x and p are the operators of Eqs. (jlSp that act in 



, ;2 



l2. 



J^. Indeed, according to p^ and ([15]), % = \{p +i'). 

It is important to notice that the imaginary-scaling 
quantization scheme involves a quantum-to-classical cor- 
respondence principle that associates to each (real) classi- 
cal observable a Hermitian operator acting in the Hilbert 
space J'if . It is this correspondence principle that gives 
physical meaning to quantum observables. For example, 
(|22p implies that the operators x — —ix and p = ip are 
the appropriate position and momentum observables of 

the quantum system (Jf, H). Note that the standard 
position and momentum operators, x and p, do not act 
as Hermitian operators in J^. Therefore, they can no 
longer represent physical observables of the quantum sys- 
tem given by {J^.Ti). 

Having established the basic features of the imaginary- 
scaling quantization and the ensuing correspondence 
principle, we can employ it for the quantization of the 
non-degenerate PU oscillator. We do this by express- 
ing the classical Hamiltonian ([5]) as 7J = iJi -f iJ2, 
where H, = {-iy+^\{pi + ojfx"^^) with i = 1,2. We 
then perform the standard canonical and imaginary- 
scaling quantizations of if 1 and H2 on the Hilbert spaces 
i^(R) and Jif, respectively. This gives rise to a quan- 
tum system with a Hilbert space Jff and the Hamil- 
tonian operator H = Hi + H2 that describes a pair 
of uncoupled simple harmonic oscillators. The Hilbert 
space Jif consists of functions i/) : R^ — >■ C fulfilling 
/_ dxi J_ dx2\4'ixi,ix2)\'^ < 00; its inner product has 
the form 



dxi 



dx2 4'{xi,ix2)*ij{xi,ix2); (23) 



and the quantization scheme involves 

Xl-^Xi, P2~>-p2, X2 ->■ X2 --^ ~iX2, P2 ^ p2 -^ iP2, 



where xi , pi and X2 , Pi act in J^ according to ([6]) and 



{x2lp)ixi,X2) 
{P2i^){xi,X2) 



-iX2lpixi,X2), 
^i'{xi,X2), 



respectively. 

Note that unlike the approach of Ref. [2| , our proposal 
for quantizing the non-degenerate PU oscillator does 
not involve complex classical quantities (or real classical 
quantities with imaginary time derivatives.) The classi- 
cal PU oscillator is described by the phase space M"* , that 
is parameterized by the classical position and momentum 
variables {xi,X2,Pi,P2), and the classical Hamiltonian 
H that generates its dynamics. The imaginary-scaling 
quantization of this system yields a quantum PU oscilla- 
tor that is represented by the Hilbert space J^ and the 
Hamiltonian operator H. The dynamics of the system 
is determined by the latter through the time-dependent 
Schrodinger equation, itp{t) = Hip{t) with -0(i) £ Jf, in 
the Schrodinger picture. Alternatively, we can employ 
the Heisenberg equation. 






[A{t),H] 



(24) 



for observables A{t) in the Heisenberg picture. In par- 
ticular, the Heisenberg-picture position and momentum 
operators xi{t), X2(t), pi{t), P2{t) that are defined by 

x^{t) := e"*xie-**-^, X2{t) := e''" X2e-''" , (25) 
p,{t) := e"^pie-"^, Ut) := e^^^Pse"^*^, (26) 



are solutions of p4|) . It is indeed a simple exercise to 
show that the Heisenberg equation (IMl) for the position 
and momentum operators take the form 

—xi{t)^pi{t), —pi{t)=~ujfpi{t), 

— i2(i) == P2{t), -^P2(0 = -w|i2(i)- 

Hence the position operators xi{t) and X2{t) satisfy the 
classical equations of motion: xi{t) + ujlxilt) — and 
X2{t) -|-aj|x2(i) = 0, respectively. 

The main subtlety of our imaginary-scaling quantiza- 
tion scheme is that it maps the classical Hamiltonian _ff , 
which as a real- valued function of the phase space is not 
bounded from below, to the quantum Hamiltonian H 
that possesses a positive spectrum. This does not cause 
a difficulty, because H enters into our formalism as the 
generator of time-evolution. If we interpret the classi- 
cal Hamiltonian (that generates the time-evolution) also 
as an energy observable with unbounded negative and 
positive values, then clearly the quantum Hamiltonian 
cannot be the corresponding quantum energy observable 
[25| . If we insist on identifying the quantum Hamilto- 
nian with a quantum energy observable, then the cor- 
respondence principle we use differs from the standard 
correspondence principle, because ours relates a classi- 
cal energy observable with negative as well as positive 



values to a quantum energy observable that has a pos- 
itive spectrum. Note that any attempt to quantize the 
PU oscillator that yields a Hermitian Hamiltonian with 
a bounded-below spectrum should necessarily involve a 
correspondence principle similar to ours 26]. 

3. Connection to Indefinite-Metric Quantization: 

Consider the standard annihilation and creation opera- 
tors, a :— {x + ip) / ^/2 and a^ :— {x — ip)/^/2, that satisfy 
[a,a^] = 1, aipo = 0, and ipn = {n\)~^/'^a^^^'ipQ. We can 
view tpn as elements of ^1^°° and try to reconstruct the 
Hilbert space of the state vectors of the simple Harmonic 
oscillator H, namely L^(E), using ipn. This is done by 
endowing the linear span ^ of V'n with an inner product 
(•,•) that renders the number operator TV := a''a Her- 
mitian. This holds if d^ is the adjoint of a, i.e., for all 
0, -0 S ^, (07 oV") — (aV)V')- Once we select an in- 
ner product fulfilling this condition, we can identify the 
Hilbert space with the Cauchy completion oi^. If we use 
the L^-inner product, ("010) = /_ 4>{x)*ip{x)dx, that 
has the above property, we obtain L^(M) as the Hilbert 
space of the system. 

Next, following the standard argument used in the 
indefinite- metric quantization scheme, we propose to con- 
struct a Hilbert space using a different set of functions, 
<j>n, that we define as follows: <j>o is (up to the choice 
of a normalization constant) a solution of the differen- 
tial equation d^^0o = 0, and 0„ := (n!)~^/^d"0o for all 
n — 1,2, ■ ■ ■ . In other words, we now interpret S, :— a^ 
and S,^ :— a as the annihilation and creation operators, 
respectively. This is because 



d0o=:O, 0„ = (n!) 



-l/2-tn7 

' a 00. 



(27) 



The new annihilation and creation operators, a and d^ 
satisfy the "abnormal" bosonic commutation relation 



flfll'l = -1. 



(28) 



We will denote the linear span of 0„ with ^ and try 
to construct an appropriate inner product ^ •, • ;^ on =^ 
that makes d^ adjoint of d, i.e., for all ^, C G =^, 



^i,a(y=^a1iC^ 



(29) 



It turns out that the number operator for 0„ is the op- 
erator TV : ^ — >■ ^ that is defined by 



N :— — d^d — — dd' . 



(30) 



We can use (P7|) and ([^5]) to show that iV0„ = n0„. 

Furthermore, in light of ([HO]) , we have H = iV + i. This 
shows that if we can find an inner product respecting 
((29| . we can complete ^ into a Hilbert space Jff" and 

view "H as an operator acting in J^' . The spectrum of 
this operator will then consist of the eigenvalues n + ^ 
with n = 0, 1, 2, • • • . In particular, it will be positive. 



The main difficulty with the above construction is that 
the condition ([29]) conflicts with the positive-dcfinitcness 
of the inner product -< •, • y; one can use ([27]) and (|28|) 
to show that for all m, n = 0, 1, 2, • • • , 



-< 



y= (-l)"'5mn -< </>0,</'0 >~ 



(31) 



Therefore, ^ •, • ;^ is an indefinite inner product. It gives 
^ the structure of a Krein space. It is customary to 
choose -< 00100 ^= 1 and view 02n+i, that have an 
imaginary norm, as defining "ghost states." 

A key observation that links the imaginary-scaling and 
indefinite-metric quantization schemes is that up to a 
constant coefficient </>„ coincides with ipn] as elements of 
'^°°, they are related according to 



0„ = i"ip„ 



(32) 



This in turn implies that 0„ belong to the Hilbert space 
Jf of the preceding section, and ^ — y. 

The relationship between the indefinite inner product 
^ ■,■ >- and the definite inner product ((•,•)) is typical 
of the Hilbert spaces endowed with a Krein-space struc- 
ture |27j. To describe this relationship we use the parity 
operator V to introduce 



n± 



-,ii±n 



.y+ := ii+.y. 



It is easy to see that ip2n & -5^+, i^2n+i G =5^- 



y = s^+®s^- 



(33) 



(34) 



and y± are the eigenspaces of the restriction of V onto 
^ with eigenvalues ±1. Note also that in view of ([T7|. 
([3T|) . and ((32)) . this is an orthogonal decomposition with 
orthogonality condition defined by either of ((•,•)) and 
-< •, • )^. Furthermore, we can use (HZ]), (l5lT) . and (^^ to 
show that for aU ^, C e ,5^, 

((1,0) = -(n+|,n+c^-^n_|,n_c^, (35) 

/oo 
i{txrcHx)dx. (36) 
-00 

To the best of our knowledge, the explicit form of the 
indefinite-metric inner product given by Eq. (1361) was not 
previously reported in the extensive literature on the sub- 
ject M- 

4. Creation and Annihilation Operators: The 
above analysis suggests that the number operator N has a 
real spectrum and an orthonormal set of eigenvectors be- 
longing to the Hilbert space J^, namely V'n- This shows 
that A^ is a Hcrmitian operator acting in Jif. However, 
we also know that every inner product that identifies a^ 
with the adjoint of a is necessarily indefinite. Therefore, 
as operators acting in J^, a^ is not the adjoint of a, yet 
A^ = — a^a is a Hermitian (self-adjoint) operator. In or- 
der to see that this strange phenomenon does not lead to 



any inconsistency, we make the following observations. 
First, we note that according to (fTT]) and ([55]). 



^e,^c^-^n,c^ 



(37) 



Combining this relation with psp and using the fact that 
V and a^ anticommmute, we have 



{{^raC)) = {{Vd'VtO) = {{-~^'LO) 



(38) 



This identifies the adjoint of a with — a^. Denoting the 

latter by aJ , we find that A^ = —a^a ~ wa. There- 
fore A^ is indeed a positive (and in particular Hermitian) 
operator acting in J^. Another outcome of this calcula- 
tion is that we can reconstruct the Hilbert space of the 
imaginary-scaling quantization by, respectively, adopting 



a :— a\ 



5t:= 



(39) 



as the annihilation and creation operators. Because 
these satisfy the standard bosonic commutation relation: 

[a, qJ] = 1, the algebra of the creation and annihilation 
operators of the imaginary-scaling quantization is iden- 
tical with the usual canonical quantization of a bosonic 
system. What makes the difference is how the creation 
and annihilation operators are related to the standard 
position and momentum operators (quantized fields and 
their time-derivative in field theory). 

6. Concluding Remarks: In this paper we have es- 
tablished the imaginary scaling transformation as the 
main ingredient of the quantization scheme developed in 
Ref. [3*]. We have subsequently simplified this scheme 
in such a way that it avoids dealing with non-Hermitian 
T^T-symmetric operators. We have examined the con- 
sequences of performing the quantum imaginary scaling 
transformation. This is realized by a linear operator 
with rather unusual properties. We have exploited these 
properties to identify the appropriate Hilbert space of 
state vectors of the non-degenerate quantum PU oscil- 
lator. We have outlined a quantization scheme involv- 
ing a classical correspondence principle that differs from 
the standard canonical quantization in the definition of 
the Hilbert space of state vectors. As in the standard 
quantum mechanics, the choice of the Hilbert space en- 
codes the boundary conditions of the problem. Different 
choices lead to different physical systems. What we have 
done is to outline a quantization scheme involving a par- 
ticular choice for the Hilbert space that maps the classi- 
cal non-degenerate PU oscillator to a particular unitary 
and stable quantum system. Similarly to the approach 
of Ref. _3J , it involves the imaginary-scaling transforma- 
tion which is however employed in the quantum level. 
Its main advantage over the proposal of Ref. Q is that it 
avoids using complex classical quantities, mapping them 
into Hermitian operators upon quantization, or produc- 
ing a quantum system that does not seem to yield clas- 
sical PU oscillator in the classical limit. 



We have examined the relationship between the 
imaginary-scaUng and indefinite-metric quantization 
schemes and shown that they share the same vector space 
of state vectors. We have derived, for the first time, 
an exphcit expression for the standard indefinite inner 
product and demonstrated that it gives the Hilbert space 
of the imaginary-scahng quantization the structure of a 
Krein space. 

We have obtained an appropriate pair of creation and 
annihilation operators for the imaginary-scaling quanti- 
zation scheme. These differ from the creation and anni- 
hilation operators of the indefinite-metric theories in the 
sign of the creation operator. This seemingly minor dif- 
ference is responsible for transforming the ghosts into 
physical states and the subsequent restoration of uni- 
tarity. It is important to note that this is achieved at 
no energy cost; the contribution of the ghost states to 
the spectrum of the Hamiltonian is the same as in the 
corresponding indefinite-metric theory. For instance, if 
we consider the sum of two harmonic oscillator Haniil- 
tonians with unit mass and frequency, and quantize the 
first of these using the standard canonical quantization 
and the second via the imaginary scaling quantization, 
the energy spectrum turns out to be the difference of 
the mode numbers. In particular, similarly to the case 



of indefinite-metric quantization of the second oscillator, 
the vacuum energy vanishes identically |12| . This ob- 
servation seems to indicate that the imaginary-scaling 
quantization shares the niceties of the indefinite-metric 
quantization while not suffering from the lack of a con- 
sistent probabilistic interpretation. We plan to examine 
the prospects of this scheme in dealing with the quantum 
mechanical and field theoretical models that were treated 
in the context of indefinite-metric quantum theories. 

As a final comment we wish to stress that although a 
direct extension of our results for PU oscillators involving 
6 or higher (even) order derivatives is straightforward, 
the same cannot be said about higher-order derivative 
theories that include nonlinear interactions. The latter 
may lead to unsurmountable technical as well as concep- 
tual difficulties, particularly in connection with the cor- 
respondence principle and the energy observable. There- 
fore, one should exercise great care in any attempt to use 
our formalism for such theories [28j] . 
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